Continuity and Differentiability

2 —
f(x) = X 25 and g(x)=x+5 arenot identical because f(5) is undefined but g(5) = 10 is well-defined.
X j—
2
. . . x?-25 . . X"-25 X#5
Since Imgf(x) = Img c = Img(x+5):10, f(x) should be redefinedas f(x)= { _g5
- 10 ,x=5

to remove the discontinuity.

> ! 16 , himf(x) =40, limf(x)=-o0, limf(x)=+0, limf(x)=-w
X—2" x—2" Xx—3~

Let f(x)= + +
Xx-1 Xx-2 x-3 x->1"

There are sign changesas x goes from 17to2  andfrom 2°to3 . Also, x is continuous in

(1,2) and (2,3), therefore f(x)=0 hasasolution between 1and2,and another between 2and3.

x? k? k® k?
Iimf(x):lim(——k]:——kzo, Iimf(x):lim[k——]:k——:o, and f(k) =0,
x—k~ x—k | k k x—k* x—k* )(2 k2
therefore f(x) iscontinuousat x=Kk. 1
The graph on the right shows that f(x) assumes every value between
0 and 1 onceandonlyonceasxincreasesfrom 0 to 1. of °
Also, thegraphof y=f(x) and y=f"(x) areidentical.
The discontinuitiesof f(x) are x=0, x=05 and x=1.
4(5 0. 1 X
(@) f(x) is not continuous Vgl / (b) f(x) is not continuous V31
and not differentiable , ’ and not differentiable , ¢
at x=0 forany / at x=0 forany
1 1
value of a. value of a=0.
R I It is continuous and bo2x
differentiable at
-2 x=0 if a=0.
-3 -3
. 1 . . 1 . . 1
Since —-1<cos—<1l= -sinx<sinxcos—<sinx for x>0 and -sinx>sinxcos—>sinx forx<0.
X X X
. . . L 1
Using Sandwich theorem, we get Ilngf(x) = Img sinxcos— =0. L
X—> X—> X /\
Also, f(0)=0. N\
. . -2 -1 "\/ 1 2 X
f(x) is continuous at x = 0. \/
. 1 . .
The graph of g(x) = sinxcos—, x#0 is shown on the right. *
X
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Let g(x)=f(x)—x. Since y=f(x) and y=x arecontinuous functions from [a,b] to [a, b],
therefore g(x) iscontinuous from [-(b—a),b—a]. Since the range of f(x) assumes valuesof [a, b],
f@>a,f(b)<b. If f(a)=a or f(b)=Dh,theresult follows easily by putting X,=a or Xxp;=b. Sowe
assumes that f(a)>a and f(b)<b.

gl@=fad-a>0 and g(xy) =f(b)—b<0 andthere isa sign change.

Ixe St gXo) =f(xo) =X =0 or f(Xg) =Xo.

f is both continuous and differentiable at x =0. yA Ve
/
3
fis continuous since  lim f(x) = lim f(x)=f(0)=0 /
x—0" x—0"
2

The graph on the right shows the situation.

cosx for x <0 YT
Notethat f'(x)={ o~ 'OF XS /
1 for x>0 L

f is differentiable since  lim f'(x) = lim f'(x) =f'(0) =1. e
x—0" x—0"

!
4
<
I
-
a
<y

lim x"f(x)+9(x) lim f(x)+g(x)/x"  f(x)+0
n—eo x"+1 oo 141/x" 1+0

If x*<1, then as n—>oo,x”—>0.limxf(x)+g(x):0+g(x)
n—se x"+1 0+1

If x*>1, then as n—o, X" —>om.

= F(x) = ().

=9(X) = (x) .

o XME(X) +9(x)
¢(x)_rl]m X"+1

X # 1.
Ingeneral, ¢(x) isnotcontinuouson R since Iirp o(x) =f(2), Iirlr] o(x)=g@), ¢(1) :%[f @) +9(@)]

¢o(x) iscontinuouson R if f(1)=g(1) and f(-1)=g(-1)

1

4/ COS X ,

Domain of f(x) = R\{mwg} and we need to prove that  f(X) is piecewise continuous.

Let f(x)= f(x) iswell defined < cosx#0 < x=# nn+g ,where nel.

Forany x inthe domain,let h beanyvaluesuchthat 0<h <g
5 X+h . x-=h
| 1 1 | |1/ - cos | | cos h —cos x | sm—sm—
‘\/cosx JJeosh ‘ ‘ JJcos x\/cosh ‘ ‘(\/cosh +4/cos x)\/cos x\/cosh‘ ‘(\/cosh +,/cosx L/cos xy/cos h
25|nx—+hsmx—h 2x1x x=h
2 2 2

-0, as x—h.

) ‘(\/cos h +/cos x J/cos x y/cos h - ‘(\/cos h +/cos x J/cos xy/cos h




Iirrgf(x):f(h) and f(x) is continuous in its domain.

1 1
Let g(X)=secx+cscx= —+——,
cosX sinx

f(x) iswell defined < cosx=0and sinx=#0 < x=# %ﬁ ,where nelN.

Domain of f(x) = R\{n—;} and we need to prove that f(x) is piecewise continuous.

Forany x inthe domain,let h be any valuesuchthat 0<h sg.

(oo s )
cosX sinx cosh smh

|t 1| | 1 1 | |cosh—cosx| |smh sin x|
|cosx cosh| |S|nx 5|nh|_|cosxcosh| |5|nh3|nx|

. X+h| . x=h X+h x—h
ogin XN gip X=N ‘ 2c0s XN ginX=N| 2sin 2" 2lcos = sin =
_ 2 2 2 2 |_ N 2 2
‘ cos X cosh ‘ ‘ sinhsin x ‘ |cosx cosh| lsinhsin x|
2 x1x x;h 2><1Xx;h
< +—— —>0, as x—->h. . limf(x)=f(h) and f(x)iscont. in its domain.
lcosxcosh| ~ [sinhsinx| x->h
X X . .
(@ lim——=1, f0)=1. lim——=f(0)) .. f(x) iscontinuousat x=0.
x50 §in X x>0 $in X

(b) f(x)=x-[x], f(0)=0, |ir3)1f(x)=o—(—1):1, Iirpf(x):O—O:O

f(1/2)=1/2-0=1/2, Ilmf( )= lim f(x)=1/2

x—0 x—0"

f(x) isnotcontinuousat x =0, butitiscontinuousat x=1/2.

(c) Take X,e€Q,% —0,then f(x)=1 and limf(x)=1

Xp—0

Take X, ¢ Q,X —O0,then f(x))=0 and limf(x)=0. Also, f(0)=1

Xp—0
f(x) isnotcontinuousat x=0.

Take X, e Q,X —> 7 then f(x;)=1 and limf(x)=1

Xp—0

Take X, ¢ Q,X,—> m then f(x,)=0 and limf(x)=0. Also, f(r)=0

Xp—0

f(x) isalso not continuous at X = .
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y =fo (X) y =fi(x) y =fa(x)
Two blue lines : y = +x Two blue lines : y = +x°
(b) When x:;l , MmeZ. y=1 When x:;l, meZ. y=-1
(Zm +jn [Zm—)n
2 2
Also, fy(0)=0. .. fo is not continuous at x =0
.1 .1 . A . . .1 .
xsin={=|x|sin={<|x| = limxsin={<limx|=0= limxsin==0= limf,(x)=0=f,(0),
X X x—0 X x—0 x—0 X x—0
T | Y I T T T | o, 1 .
x?sin= :|x |Sln—S|X = lim|x?sin = £I|m|x |:0:>I|mx sin==0= limf,(x)=0="f,(0)
X X x—0 X x—0 x—0 X x—0
fi, and f, are continuous at x =0.
.1
h?sin=-0
© f,0)=lim=2CN=0 _;, :lim(hsinlj:o
h—0 h h—0 h—0 h

When x=0, f’(x)= i(XZSiHEJZZXSini—COSE
dx X X X

.,

'(X

.

. . 1 . . .
(d) Since Ilngcos— does not exist,  f,’(x) isnotcontinuousat x=0.

.1 1
2Xsin——cos—
X X

0

,when x=0

,when x=0

X
3 i & 3fein L 3 P IO P | B PR D ;
(@ |x S|n—:|x |sm—£|x = lim|x Sln—S|Im|X |:0:>I|mx sin==0= limf(x)=0=1(0)
X X x—0 X x—0 x—0 X x—0
f(x) is continuousat x=0
1
h®sin = -0
) £(0)=limCEM=TO ., =|im[hzsin1)=o
h—0 h h—0 h h—0 h
Whenx =0, f’(x) = i(x%inlj —3x2sin L —xcost
dx X X X
3xsinL—xcosL ,when x %0
f'(x)= X X
0 ,when x=0
o (o, 1 1 1 1
(c) limf'(x)=)lim| 3x?sin——xcos= |=0=f(0),  since sin— and cos— are bounded.
x—0 x—0 X X X X
f’(x) is continuous at x =0.




